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Neighboring Optimal Trajectories for Aeroassisted Orbital
Transfer Under Uncertainties
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A neighboring optimal guidance scheme is presented for a nonlinear dynamic system in the presence of modeling
and measurement uncertainties as applicable to fuel optimal control of an aeroassisted orbital transfer vehicle
(AOTYV). Here the vehicle is expected to follow a desired reference path with minimum error. The measurements
considered include tracking of altitude and altitude rate. The solution approach is based on nonlinear control
optimization, deterministic perturbation, stochastic state estimation, and linearized stochastic control that leads
to a closed-loop control law. The reference state trajectory and control trajectory are precomputed by solving a
two-point boundary-value control problem. Numerical results show that the actual (true) state trajectory is kept
near its ideal (reference) state trajectory at the expense of increasing the total cost.

Nomenclature
ac =R./R,
aq = Ry/R,
b = Ra/ H,
Cp = drag coefficient
Cpo = zero-lift drag coefficient
Cy = lift coefficient
CrLr = lift coefficient for maximum lift-to-drag ratio
Co(T) = evaluation of C(t) along optimal path
c = normalized lift coefficient, C, /Crr
D = drag force
g = gravitational acceleration
H = altitude
HEO = high Earth orbit
h = normalized altitude, H/H,
h,(7) = evaluation of 2(t) along optimal path
J = performance index
J = augmented performance index
K = induced drag factor
Ky = filter gain
L = lift force
LEO = low Earth orbit
M = gravitational constant of Earth
m = vehicle mass
Ry = measurement noise
o1V = orbital transfer vehicle
P = error covariance matrix
P,, P,, P, = adjoint variables
f’() = covariance of initial state
R, = radius of atmosphere boundary
R, = radius of low Earth orbit
Ry = radius of high Earth orbit
re = radius of Earth
r = radial distance from Earth’s center
S = aerodynamic reference area
t = time
u(t) = general control vector
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Vv = velocity

Ve = entry velocity

Vs = exit velocity

w = controllability Grammian

Wi = plant noise

w; = zero-mean unit-variance white-noise process
X = mean-square matrix of §x

x(7) = general state vector

y(t) = general signal vector

Yo(T) = evaluation of signal vector along optimal path
Z = noisy measurements, z; = y;+ noise

B = inverse atmospheric scale height

y = flight path angle

Ye = entry flight path angle

143 = exit flight path angle

o (T) = evaluation of y (t) along optimal path

AV = characteristic velocity

AV, = characteristic velocity at reorbit

AV, = characteristic velocity at deorbit

Av = normalized characteristic velocity

Av, = pormalized characteristic velocity at reorbit
Avy = normalized characteristic velocity at deorbit
8(+) = general perturbed vector

8¢ = normalized lift perturbation

1\ = general terminal constraint vector

8x(t) = general state estimate vector

82 = second variation of J

82J0 = expected value of §2.7

A = control gain

" = general Lagrange multiplier vector

H = Hamiltonian

v = normalized velocity, V/./it/R,

vy(T) = evaluation of v(7) along optimal path

o = air density

Pn = normalized air density, p/pr

OR = reference air density

T = normalized time, t/R,~/R./ 1t

T = final normalized time

To = initial normalized time

g = general terminal constraint

I. Introduction
N space transportation systems, the concept of aeroassisted or-
bital transfer opens new mission opportunities, especially with
regard to the establishment of a permanent space station. The space-
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based orbit-transfer vehicle (OTV) is planned as a system for trans-
porting payloads between low Earth orbit (LEO) and high Earth
orbit (HEO). The aeroassisted orbital transfer vehicle (AOTV) uti-
lizes atmospheric drag during the atmospheric flight to significantly
reduce its velocity and hence exit from the atmosphere to enter into
an elliptical orbit. Thus, during the atmospheric pass no rocket fuel
for retrobraking is utilized. Since less fuel results in an increased
payload, optimization of fuel is an important aspect in orbital trans-
fer missions.! 3

The purpose of this paper is to take into consideration modeling
approximations,* simplifications, and random disturbances and to
use the well-known linear quadratic Guassian (LQG) theory to the
AOTYV control problem. This present work represents a continuation
of the original effort reported by the authors.”~7 In the present case
the problem of incomplete knowledge of the state vector is con-
sidered, which leads to the state estimators based on information
available through noisy sensor measurements. Thus, the Kalman-
Bucy filter is used.?~1°

The importance of this work is easily seen if one is concerned
with the behavior of the ideal model in an environment that modi-
fies initial and final conditions, plant parameters, and sensor mea-
surements. That is, it is computationally tedious and expensive to
repeat a whole nonlinear optimization procedure for every such en-
vironment to obtain the new optimal trajectory. However, if such a
situation arises, it is preferable to linearize in the neighborhood of
the original optimal trajectory, thus resulting in considerably less
computational efforts.!11?

The objective of the present paper is to devise a neighboring op-
timal guidance scheme for a nonlinear system with random inputs
and imperfect measurements as applicable to an AOTV. We address
the fuel-optimal control problem arising in coplanar orbital trans-
fer from HEO to LEO. The performance index chosen here is the
total characteristic velocity, which is equal to the sum of the char-
acteristic velocities for deorbit and for reorbit (or circularization).
In Sec. II, the deterministic ideal model of the nonlinear dynamic
system is presented that describes the atmospheric maneuver of the
space vehicle. The optimization problem is then formulated, leading
to a two-point boundary-value problem (TPBVP).!! The solution of
the TPBVP is obtained through the use of a multiple shooting code.
In Sec. III, the deterministic linear quadratic optimization problem
is formulated and the deterministic neighboring control is given. In
Sec. IV, the nonlinear stochastic control problem is presented that is
referred to as the true model. The various modeling assumptions that
Iead to the ideal model of Sec. II are taken into account through the
introduction of random inputs. Then the linearized stochastic con-
trol problem is formulated, and the specifics of the approach taken to
obtain the control and filter gains required for the simulation of the
Kalman filter are clearly delineated. The numerical algorithms re-
quired to solve for the Kalman estimates are also presented. Finally,
in Sec. V the numerical data for simulations is given, and the results
of the stochastic neighboring control problem are discussed.

II. Deterministic Ideal Model and Optimal Solution
Differential System

Consider a space vehicle that transfers from HEO at radius R, to
LEO at radius R, (see Fig. 1).> Under the usual assumptions,* the
unnormalized equations of motion for a coplanar atmospheric flight
are given in Refs. 5-7.

Using the dimensionless variables and parameters
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Fig.1 Aeroassisted coplanar orbital transfer.

the normalized equations of motion become’~7
9—}5 = businy 0))
dr
j—: = —Ab(1 +Ap,? — (bbjsll—n_*_yh)z )
‘;—’r’ — Aybepyy + (bbzclo iyh) -G fzf > Z)zv 3)

For the normalized system Eqs. (1-3), the state variables are x =
[~, v, y]T and the control variable is u = c.

Boundary Conditions
Atthe atmospheric entry (7o = 0) andexit (r; = T) points certain
conditions must be satisfied. The altitude must satisfy>

h(w) =1, h(zp) =1 )
The velocity and flight-path angle at entry and exit must satisfy

[2 = v’ (w0) ] — 2a4 + v*(w)cos’y (1) = 0 (5)

[2 — v (zp)]aZ - 2a. + v*(rs)cos’y () = 0 (6)

Optimization Problem
For minimum fuel consumption the performance index is given
by

J = Av = Avg + Av, = P[x(ty), x(10)] @
where
Ayy = \/_az_ @ cos[~y ()]
‘i ‘ ®)
Av, =,/ — — er) cos[y ()]
a, a.

Av being the sum of characteristic velocities associated with Ay,
the propulsive burn from HEO, and the final characteristic velocity
associated with Av,, the propulsive burn into LEO.

The problem is to find the control variable ¢ (normalized lift
coefficient) that results in a minimum value of the performance index
Eq. (7) subject to the dynamic constraint Egs. (1-3) and boundary
conditions (4-6). Incorporating the two terminal constraints, the
augmented performance index becomes

T = Ave+ Avg + Wy + oV = ¢lx(ty), x()] - (9)
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Fig.2 Neighboring optimal state and control filter estimates (set #1).

where W = h(ty)—1and WV, is given by Eq. (6). Using optimization
principles,>%11-13 the Hamiltonian function is given by

. b?sin
H = P;,[b'l} sin )/] + Pv[ - Alb(l —i-CZ),O,,'U2 — -(b——l—-l—)f/—'l?:l
bv cos y b*cos y
b n -
+Py|:A2 va+b—1+h b1+t 10)

where P,, P,, P, are the costate variables. For the unconstrained
problem, the optimal control is

oH AP
T, o= 2 (1
dc 2A1 P
and for the constraint problem, the optimal control is
—Cmax if € Z Cmax
A, P .
c=13 Aj s if le] < Comax (12)
Crmax if € < —Crax
The adjoint (costate) variables are obtained from
dP, M dp,  9H P,  IH
dr = an’ dr — v’ dr —  dy
(13)

Assuming fixed terminal time we have the boundary condition

3¢ (x) +uTﬂ}

14
dx ax 14

PT(t) = [

'(:'(f

Table 1 Data

Spacecraft data

m/s = 0.3 x 107 kg/m?

Normalized data

Hr =1200 x 10° m

Physical data
R, =0.6498 x 107 m

Cpy =021 Ry =0.12996 x 108 m Vi = 7.832 m/s
K =01.67 R, =0.6558 x 107 m tr = 887.16 s
Crr = 0.3546 M = 0.3986 x 10'5 m?/s? pr = 0.3996

x 1072 kg/m?
Crax = 2.538 re =06378 x 10’ m a. = 01.009
Cromx =09 H, =120.0 x 10> m ay = 02.000

Method of Solution and Results

The system of differential Eqs. (1-3) and (13) together with
boundary conditions (4-6) form a TPBVP. The constants i1, pa
of Eq. (14) are found so that the two terminal constraints (4) and (6)
are satisfied. The solution of the TPBVP is obtained using the OPT-
SOL code developed by Deutsche Forschungs and Versuchsanstalt
fur Luft Ranmfahrt (DFVLR) at Obenpfaffenhofen, the former West
Germany.!> 14

For the data of Table 1, Fig. 2 shows the time histories of altitude,
velocity, flight-path angle, and lift coefficient. The spacecraft enters
and exists the atmosphere at an altitude of 120 km. The minimum
altitude reached is 56.39 km. The vehicle enters the atmosphere
with a velocity of 9029 m/s and leaves the atmosphere with a speed
of 7665.6 m/s, thus giving a velocity reduction of 1363.4 m/s. The
spacecraft enters the atmosphere with an inclination of —5.665 deg
and exits with 0.30242 deg. The vehicle enters the atmosphere with
lift coefficient of 0.4, gradually increases to 0.61, then gradually
decreases to minimum lift coefficient, and then gradually increases
during the remaining flight. The minimum fuel transfer requires a
deorbit (impulse) characteristic velocity AV, of 1045.65 m/s and a
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reorbit characteristic velocity AV, = 200.83 m/s, with a total char-
acteristic velocity of 1246.47 m/s. When this aeroassisted transfer
is compared with the Hohmann transfer, which is maneuvered en-
tirely in outer space and has a total characteristic velocity of 2194
/s, this shows that the saving due to coplanar aeroassisted transfer
over the Hohmann transfer is 57%. The solution of the TPBVP is
presented in Ref. 5.

III. Deterministic Neighboring Optimal
Control Problem

The perturbation control problem considered in this section is in
terms of small changes in initial and terminal conditions. Since the
objective is to keep the actual state vector x () near its ideal desired
value x((7) (in this case the optimal path computed in Sec. II), the
actual plant input #(r) must in fact be different from the precom-
puted ideal input u# (7). Expanding Eqgs. (1-3), (5), and (6) about
xo(t), up(r) in a Taylor series up to first order, augmented perfor-
mance index up to second order,*7! denoting state perturbation by
8x(t) and control perturbation by du(t) as 8x(1) = x(1) — x,(r)
and Su(t) = u(r) — u,(r), we obtain the following deterministic
linear quadratic control problem:

Minimize
1

azj = 5[8XT(¢xx + MT\IJXX)(SX] |t:Tf

1 [ HyY 0 [ 8x
+ = sxToul o dr 15
Z‘L:’[xu]l:OHuu N (15)

Subject to constraints

8i(v) = (D) 8x(0) + fu(T) Su(r), 8x(T0) (16)

SW = W(ts) 8x(ty) a7

where Hi)lc) = Hxx - qu Hlslu) Hux’ fx(l) = fx - fu H,;‘l Hux-
However, since there is a terminal constraint to be met [Eq. (17)],
the importance of controllability of Eq. (16) should be addressed.
Thus, it is critical to know whether there exists a control du that
drives the state of Eq. (16) from some initial value 8x () to 8x ().
The system given by Eq. (16) is found to be controllable by solving
the following matrix differential equation's:

%W(T, Ty) = fx(l)(t)W(‘L', )+ W(r, .L,f)fx(l)T ()

— fu@ f (@), W(tr, 1,) =0 (18)

where the solution W (1, t;) is nonnegative definite for t > 7.
The matrix W is the so-called controllability Grammian. '3

Anticipating the nature of the LQG control problem, which states
that the filtering (estimation) and control problem can be solved
independently'®!7 (separation principle), the next step would be to
determine the optimal-control law.® This is nothing more than deter-
mining the control law that minimizes the variational cost of Eq. (15)
subject to complete observations given by the state constraints (16)
and (17). The solution of this optimization problem is then given by
the following feedback control law®7-11:

su(t) = =My [fT(S — RQT'RT) 8x(t) + fTRQO'6W(zy)]

—A1(T)x(T) — Ao ()W (Ty) 19
where S, R, Q satisfy the Riccati equations
§ = —SfO — 1S+ SEME AT -1

= —Sfx - fxTS + (Sfu + qu)HLTLtI (Hux + fMTS) - Hxxy

S@p) = [+ 0T 20)
R=—(f"" = Sf,Ha fI)R,  R(zp) = v ey @D
OQ=R"f,—Ha fI. 0Q@)=0 22)

With x = (h,v,y), u = ¢, Eq. (19) becomes the deterministic
neighboring control law of Sec. II. Moreover, solving Egs. (20-22),
one can obtain the control gains A(t), A,(7).

IV. Stochastic Neighboring Optimal Control Problem
Stochastic Modeling

Recall that for the deterministic model [Sec. II, Egs. (1-3)] cer-
tain assumptions were made.* Adding white-noise processes, the
normalized equations of motion are represented by the following
stochastic differential equations:

dh

— =bvsiny +wy (23a)
dr
dv b*siny
— = Ah(1 + ) pyv* — ————— + w, 23b
I 1b(1+c)p,v (b—l+h)2+w2 (23b)
dy by cos y b*cos y
Y Asbepgy — - 5 (23
ar = A T T B aye T 239

Likewise, adding white-noise processes to the signal components
and assuming there are sensors that can measure altitude and altitude
rate, we write

Z1=h+na, zz = vsiny +ng,; (24)

The white-noise components w,;, w,2, and w,; are used to account
for neglected modeling dynamics, oblateness of Earth, incomplete
knowledge of the aerodynamic forces, terms arising due to coriolis
force, unknown parameters modeled only approximately (i.e., atmo-
spheric density dependence on altitude by an exponential function,
parabolic drag polar, etc.), and additional forces such as winds act-
ing upon the space vehicle. The white-noise components n,,; and n,,»
are used to model measurement errors and uncertainties, resulting
in the classical “signal in additive noise” model.

Statistical Description

Recall that in the deterministic case the initial state of the system
is supposed to be known exactly; however, this assumption no longer
holds because in the stochastic environment, the initial state vector
cannot be measured exactly. The initial state vector is assumed to
be a vector-valued Gaussian random variable. Its initial mean and
covariance matrix represent a priori information about the initial
condition of the plant.

The uncertainty in the overall physical system is modeled in three
parts; initial uncertainty in the state variable, plant uncertainty, and
measurement uncertainty. The initial state vector is Gaussian with
known mean and covariance matrix;

E[h, Ui )’:]T - [il() 1_)() ?{)]T
E[(hl - ﬁ(l)(vi - 170)()/1' - P{»)]T

x [(hi — ho) (i — U)(vi — V)] = P, (25b)

where Py = P! > 0 and assumed to be known. The notation 4;,
v;, ¥ represents the values of &, v, ¥ at t = 1. The plant noise
processes are defined by w,; 2 Lw, fori = 1,2, 3, with white noise
w; having unit variance. Thus,

Elwa (D) wa(t) ws(@]" =0 0 017

(assumed known)  (25a)

for all T>T1 (26a)
E[w,1 (8) War (t) wa3 (D] [we1 (T) waa (T) was (1))

=L()é¢t—1) (26b)

where L(t) > 0 for all T > 7, and assumed to be known. The

measurement driving noises are defined by n,; =6;n; fori =1, 2,
with white noise n; having zero mean and unit variance:

Elna(®)na (01" =10 017, YT =1

Elna(0) na(O1 [na1 () npp(0)] = 008t — 1)

where 8(t) > 0 for all v > 7, and assumed to be known. Further-
more, w(t), n(t), x(7p) are assumed to be mutually independent.

27
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Stochastic Linear Quadratic Control Problem
Following the same approach as in Sec. III, using a Taylor series
expansion about x,(t) = [h, () v, () ¥, (D17, u,(z) = ¢, (1),

Sh(1) T 8h(z) ]
su(r) | = fi(n) | Sv(®) | + fulz) c(x)
sy (r) | v (7) |
L 0 07 [ wi(r)]
=+ 0 L, O wz(t) (28)
0 0 l3 Lw3(r) n
Sh(T)

8z1(7) 6 0][n(™
=g (v) | dv(r + 29
[aw)} g:(0) | su(D) [0 6, || mio 29)
Sy (o)
The performance index differs from the one given by Eq. (15) in
that 82 J is random rather than deterministic because 84, 8v, 8y, and

8¢ are now random processes and the terminal cost is augmented by
the quantity 8x” (z/) W7 (/)N W, () 8x(ty). Thus,

8770 £ LEN [8xT ($ex + W NW, + uT 0, )ox]|

“ 8 Ta T Hxx HXII (S-x d
T
R A IR

The reason for augmenting the performance index follows from
the fact that in the presence of random inputs the terminal con-
straint W[x(z;)] = O cannot be satisfied exactly.!! Thus in place
of the linear terminal constraint §W = W, [x(7f)]8x(zy) = 0 ad-
ditional terminal penalty cost as shown in Eq. (30) is included to
ensure that W, [x(t;)]8x(zf) stays near zero as T approaches
when the current actions of §u(t) are not as strongly felt since they
take time to excite the system. The matrix N is positive definite
and chosen so that E{diag(8\W W)} when evaluated at the final
time have acceptable values. This process requires the evaluation
of W, E(8x 8x7) WT. This is the same as evaluating ¥, X \UT where
X = E[6x 8xT] is the mean-square value of 8x(t) and satisfies

X, =[£() — LAOIX@ + X@OLf@) — AT
+ L(7),

T=Tf

(30)

X () = Xo €Y

with A (7) the control gain to be specified later.

Solution of Linear Quadratic Gaussian Control Problem

The problem is to find the control law dc(r) such that, given
the linearized dynamic system Eq. (28) and the linearized observa-
tion Eq. (29) whose measurements are §z(¢), 1y < ¢ < 14, the
cost given by Eq. (30) is minimized. Since in the linear case the
control depends on the measurements only and separation there-
fore holds,'®17 the conditional mean satisfies the following linear
stochastic differential equation (Kalman-Bucy filter)’:

sh(t) Sh(t)
80(z) | = fx(@) | 80(x) | + fe(T)be(T)
5y (1) sy (r)
521() Sh(x)
+ K (1) —g:(v) | 80(7) (32)
8z2(7) .
8y (r)
8h(to) by — hy(T0) 8h(v)
61’)(T()) = i-1() - 'U(,(‘L'()) s (SC(‘L’) = _A(f) 86(1’)
87 () Yo = Vo(T0) 57 (1)

with the control gains A(z) and filter gains K (r) still to be speci-
fied.

Control and Filter Gains

1) Control gains: Using the LQG control property, which states
that the optimal-control correction du(z) is generated from the es-
timated conditional mean 8% (t), Su(7) is given by the relationship

su(t) = —A(T) 83 (1) (33)

where the gain matrix A(r) is the one determined from the deter-
ministic linear quadratic problem. This can be shown as follows.
Recall the deterministic solution (see Sec. III)

du(t) = —A (1) x(T) — Ay(1) 6V (1) (34)

Since the deterministic system Eq. (16) is controllable and there is an
additional terminal cost added in Eq. (30) to penalize any deviations
of §Wx(ty) from zero, the assumption that §Wx(ts) = 0 leads to

Su(t) = —A1(7) 8x(1) (35)

However, since du(t) is not deterministic but instead is a random
process, 8x(t) of Eq. (35) should be replaced by 5% (t). Therefore,
the control gain is given by

Su(r) = =M [Hux + /] (S— RQT'RD]8%(x)  (36)
where S, @, R satisfy matrix equations (20-22) with the terminal

condition S(ts) augmented by WTNW, [see Eq. (30)].
2) Filter gains: The optimal estimation gain is determined from

K (@) = P(®)g (167 (v) 37

where the covariance matrix P (r) is found by solving the matrix
differential equation

P(x) = fO@P) + P(0) 7 ()

= P(D)g] (167 (1)g: () P(¥) + L(v),

Therefore, it follows that the true state and control trajectories when
analyzed in a stochastic environment are given by

P(m) =Py, (38)

heo) ho(T) Shit)
o) | = v |+ s6@) |, c&)=co(r)+c(t)
7(1) Yo(T) 8y (1)

(39
where 8¢(t) is given by Eq. (36).

Performance Index Evaluation
The average cost of the perturbed stochastic control problem
given by Eq. (30) can be expressed!! as

7
8270 = %Tr {S(T())X(TO) + / [S(t)l’(t)

+ ATOHL DA P©)] dz} (40)

where Tr indicates the trace operator. Finally, following Ref. 11 and
assuming that the combined optimization of the nominal trajectory
and the LQG problem is given by

min E (Jyom + 827) = min[Jom]| . +min[82],] 4D

noise=0

the total minimum cost can be evaluated.

Numerical Algorithms

The implementation of the Kalman—Bucy filter [i.e., Eq. (32)] re-
quires additional calculations as follows. Initially the deterministic
optimal solution of Sec. II was stored in the memory of a com-
puter. Since the above solution was given only at the grid points
or nodes (as required by the OPTSOL code), a cubic spline in-
terpolation method is utilized that is implemented as a member
of the IMSL library. This requires IMSL routines DCSINT and
DCSDER, the first to obtain the cubic spline coefficients and the
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second to evaluate the optimal trajectory at a particular time. Then,
the controllability Grammian matrix W (z, t;) [i.e., Eq. (18)] is
solved using the Gear backward difference method with an ac-
ceptable local error of order 10~*2 (in terms of normalized data),
again through the routine DIVPAG of the IMSL Library. Next, the
control gain was obtained by solving Egs. (20-22) using the same
algorithm as above. Since the Kalman—Bucy filter is driven by the
measurements §z(7), a computer simulation is performed to gener-
ate noisy measurements §z(t). This was accomplished by solving
the stochastic Eq. (28) for 8A(z), dv(z), Sy () forip < 7 < 74
and then generating the noisy measurements through Eq. (29). The
state and measurement noise components are chosen to have zero
mean and unit variance. Then, the matrix solutions of the mean-
square value of the state [i.e., Eq. (31)] and covariance matrix P(t)
[i.e., Eq. (38)] were obtained. However, the implementation of the
both equations requires special attention since their solution should
be positive definite, a property violated through usual integration
techniques. This is due to roundoff errors or iterates leaving the
cone of positive-definite matrices, which is caused by systems that
are on the borderline or controllability, a situation that resulted
by solving Eq. (18).1 Thus, a square-root algorithm was imple-
mented that was presented in Ref. 18 serving two purposes. First,
being a square-root technique, it entails all the advantages of the
square-root algorithm, such as nonnegative definiteness and accu-
racy. Second, it provides the eigenvalues and eigenvectors of the
solution matrix continuously and then decomposes the solution ma-
trix into eigenvalues and eigenvectors. The matrix Riccati equations
were solved utilizing Runge—Kutta—Verner fifth- and sixth-order in-
tegration methods, which are again implemented using the IMSL
Library routine. The initial step of the integration was set to be
At = 107! (normalized time). The integration routine automat-
ically divides the initial step size to meet a given error measure
of 10~'°. Finally, the Kalman-Bucy filter [i.e., Eq. (32)] is inte-
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grated using the previous algorithm and the conditional mean vector
8x(t) is obtained. However, several implementations are required
to choose an acceptable matrix N [see Eq. (30)] to force W[x(tf)]
near zero.

V. Numerical Data and Results of Stochastic
Control Problem

The data used for simulations are borrowed from Ref. 3, and
are given in Table 1 as spacecraft and physical data. Some of the
normalized data are also given in the same table. The simulations
performed to obtain the neighboring altitude, velocity, flight-path
angle, and control estimates shown in Figs. 24 required addi-
tional initial conditions and noise variances, which are summarized
Table 2. The diagonal matrix N and cost computed through Eq. (40)
are also given.

Most of the difficulties that are encountered with the Kalman-
Bucy filter implementation [i.e., Eq. (32)] are primarily related to
choosing the diagonal matrix N, the white-noise intensities I, I, Is,
61, 6, and the initial error covariance matrix Py. As shown in Sec. IV
the diagonal matrix N is chosen so that the mean-square value of
the state [i.e., Eq. (31)] was acceptable with values near 7 = 1.
Using this criterion, the diagonal matrix N (normalized) is chosen
as shown in Table 2. The noise intensities are obtained after several
simulations to keep the filter from diverging and at the same time
to prevent the value of the cost §2J° from increasing beyond the
nominal cost, since these intensities have a direct effect on the cost
of Eq. (30).

Figure 2 shows that the actual trajectories of altitude and flight-
path angle follow the nominal trajectories closely. The initial altitude
is 1200 m above its nominal value and reduces to 143.9 m at the final
time. The initial flight-path angle is —0.85 deg below its nominal
value and reduces to —0.147 deg at the final time. The velocity, when
started at 902.9 m/s above its nominal value, reduces to 200.516 m/s
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Fig.3 Neighboring optimal state and control filter estimates (set #2).
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Table 2 Data

Data Set 1 Set 2 Set 3
I 5.0 x 1073 5.0 x 1073 5.0 x 1073
Iy 1.0 x 102 1.0 x 1072 1.0 x 1073
I 1.0 x 1072 1.0 x 1072 1.0 x 1072
61 1.0 x 1073 1.0 x 1073 1.0 x 1073
6, 1.0 x 1073 1.0x 1073 1.0 x 1073
2.1x107* 0 0 21x1074 0 0 2.1 x 1074 0 0
Xo 0 123 x 107 0 0 12.3 x 107 0 0 123 x 1074 0
0 0 28.7 x 107 0 0 28.7 x 1074 0 0 28.7 x 10~
1.0 x 1074 0 0 1.0 x 1074 0 0 1.0x 1074 0 0
Py 0 3.0 x 1074 0 0 3.0 x 1074 0 0 3.0 x107* 0
0 0 7.0 x 107 0 0 7.0 x 1074 0 0 7.0 x 1074
0.1 0.1 0.1 0
N
0.1 0.1 0.1
8h(zo) 1200 m 1440 m 1200 m
§0(1) 902.9 m/s 270 m/s 902.9 m/s
8y (t0) —0.850 deg —2.832 deg —1.33 deg
827 deg 608.755 m/s 1143.86 m/s 609.79 m/s
H {(km/s) IOV (km/s)
120
9
100
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80 \V4
0 N N : . o . . . . . .
[¢] 90 180 270 as0 450 540 0 g0 180 270 380 450 640
T (s) T (s)
——DET. —+8T0C. — DET. —+— STOC.
ALTIDUTE VELOOITY
GAMMA (deg} q CL (kg/m"2)
° A J\\
I
0 ]/
~2 j o] —
ﬁ -0.5 Y y
6 \ .ﬂ
o] QIO TGLO 27‘0 3(‘30 4;0 540 -10 90 180 270 360 450 540
T (s) T (s)
—— DET. —— STOC. —DET. —+ 8TOC.

FLIGHT PATH ANGLE

LIFT COEFFICIENT

Fig.4 Neighboring optimal state and control filter estimates (set #3).

below its nominal value. The lift coefficient is shown to behave
in a random fashion without following its nominal path. This is
as expected since the control moves toward the direction that best
reduces the error to zero.

Figure 3 shows that all three trajectories are kept near their nom-
inal path. The initial values of altitude, velocity, and flight-path
angle are 1440.0 m, 270.0 m/s, and —2.832 deg, respectively. The
final deviations of altitude, velocity, and flight-path angle are 42 m,
—7.81 m/s, and —0.0632 deg, respectively. The lift coefficient starts

at its maximum allowable value, which results in a reduction of ve-
locity as in the deterministic case.

Figure 4 shows the same behavior as Fig. 3. That is, tracking of
altitude and flight-path angle is achieved. However, the velocity de-
viates from the nominal trajectory by —376.39 m/s at the final time,
where an initial deviation of 903 my/s is used. The initial deviation of
altitude and flight-path angle are 1200 m/s and —1.33 deg, respec-
tively. The deviations of altitude and flight-path angle are 133.84 m
and —0.193 deg, respectively.
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VI. Conclusions

The objective of this study was to analyze the neighboring opti-
mal guidance of the AOTV problem using the well-known Kalman
filter to incorporate modeling and measurement uncertainties. How-
ever, before the optimal filter estimates are computed, the optimal
solution of the TPBVP as well as the control gain of the neighbor-
ing optimal-control problem (linear quadratic) are required and are
computed off-line.

The simulations show that the filter estimates obtained from
the solution of the LQG problem behave relatively well in keeping
the actual state trajectory near its ideal (reference) state trajectory, at
the expense of increasing the total cost. In fact, the main contribution
of this increased cost is due to the requirement that the final state
should lie on a certain terminal manifold.
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